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Abstract.
The Bogoliubov model for weakly interacting Bose gas is extended to Bose-Einstein
condensation (BEC) of spin-S atoms in a magnetic field. Equation for the vectorial
order parameter valid at temperature T → 0 is derived and its particular solution is
found. This solution corresponds to the formation of BEC of atoms with a definite spin
projection onto direction of a magnetic field. We study the thermodynamic stability
of the found solution and obtain the expressions for low-lying collective modes.
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1. Introduction
After the first remarkable experiments concerning the observation of BEC in dilute gases
of alkali atoms such as 87Rb [1], 23Na [2], and 7Li [3] the interest to this phenomenon has
revived [4, 5]. Later on, BEC has been also obtained in other atomic species: atomic
hydrogen [6], metastable 4He [7], and 41K [8]. The experimental realization of BEC has
become possible due to the progress of laser cooling and trapping techniques [9]. The
carried out experiments have proved many predictions of the microscopic theory for
weakly interacting Bose gas, which originates from the pioneering work of Bogoliubov
[10]. Bogoliubov’s theory has become almost the first theory in which it was necessary to
move essentially from the methods of standard perturbative approach while describing
the interaction effects. However, this theory, in its original formulation, did not take
into account the internal degrees of freedom of atoms. The effect of spin degrees of
freedom for weakly interacting Bose gas (spinor BEC) has been studied in [11]-[19].
The realization of optical trapping for atomic condensate [20] has stimulated
theoretical interest to spinor BEC. Bose condensation in a weakly interacting gas of
bosonic atoms has been studied theoretically by many authors both for spin-1 [12]-[17]
and spin-2 [18], [19] bosons. These investigations are based on the effective interaction
Hamiltonians of two bosons, in which the interaction is characterized by a definite
number of interaction constants – s-wave scattering lengths. The number of scattering
lengths is determined by the total spin of two interacting bosons taking into account the
symmetry properties of their wave function. For example, in case of spin-1 atoms the
interaction Hamiltonian contains two interaction constants [12]-[17], in case of spin-2
atoms there are three interaction constants [18], [19]. Thus, as the spin value of atoms
grows, the number of constants, which characterize the interaction of two bosons, is
increased. Note that in the mentioned effective Hamiltonians it is difficult to interpret
the physical nature of the separated term of non-relativistic interaction not associated
with neither potential nor spin-exchange interactions (see e.g. [18]).
In this paper we study a weakly interacting Bose gas of particles with arbitrary
integer spin S in a magnetic field (see also [11]). We start from the microscopic
interaction Hamiltonian for two spin-S bosons. This Hamiltonian is specified by two
functions, which describe potential and spin-exchange interactions of spin-S atoms.
According to general rules of quantum mechanics, we pass from the pairwise interaction
of two bosons to the standard expression for binary interaction of arbitrary number of
bosons in the second quantization representation. By solving the multichannel scattering
problem for the considered Hamiltonian we could find, in principle, all scattering lengths
in terms of the functions characterizing the potential and spin-exchange interactions.
Thereby, it would be possible to obtain the Hamiltonians analogous to the above
mentioned effective interaction Hamiltonians (see e.g. [18]). However, the use of the
microscopic Hamiltonian enables to restrict ourself by two interaction constants even in
the case of arbitrary spin when studying the ground state, stability, and excitations in
a weakly interacting gas in the presence of BEC.
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2. Method of quasiaverages and the model with a separated condensate
To describe the system with a spontaneously broken symmetry we address to the method
of quasiaverages [21, 22]. According to this method the Gibbs statistical operator is
modified so that it possesses the symmetry of degenerate state. This modification is
usually done by introducing the infinitesimal ”source” νFˆ (ν → 0) into the Gibbs
exponent, which has the symmetry of phase under consideration. Then, the average
value of any physical quantity Aˆ is defined as
≺ Aˆ ≻= lim
ν→0
lim
V→∞
Tr wˆνAˆ, (1)
where the Gibbs statistical operator wˆν has the form
wˆν = exp
(
Ων − β(Hˆ − µNˆ + νFˆ )
)
. (2)
Here β = 1/T , µ are the reciprocal temperature and chemical potential respectively
and Hˆ, Nˆ are the system Hamiltonian and the particle number operator. The
thermodynamic potential Ων being a function of thermodynamic parameters β, µ is
found from the normalization condition Tr wˆν = 1. Notice that the limits in (1) are not
permutable.
Consider a gas of condensed bosonic atoms with spin S. The formation of a
condensate is accompanied by the gauge symmetry breaking and, therefore, in order
to remove this kind of degeneracy we should choose the ”source” νFˆ in (2) such that
[wˆν , Nˆ ] 6= 0 (Nˆ is the generator of phase transformation),
νFˆ = να
∫
d3x(ψˆ†α(x) + ψˆα(x)), (3)
where ψˆ†α(x), ψˆα(x) are the creation and annihilation operators with index α taking
2S + 1 values (the summation over repeated indices is assumed). Then, according to
(1), (2), ≺ ψˆα(x) ≻= V −1/2 ≺ aˆ0α ≻∼ 1 that corresponds to the formation of atomic
condensate with momenta p = 0. The order parameter Ψα = V
−1/2 ≺ aˆ0α ≻ is called
the condensate wave function.
The method of quasiaverages and the spatial correlation decay principle enable to
justify the replacement of creation and annihilation operators of atoms with momentum
p = 0 by c–numbers, aˆ0α, aˆ
†
0α →
√
VΨα,
√
VΨ∗α [21]-[23] (the condensate separation
procedure).
The basic statement of the method of quasiaverages applied to the description of
BEC consists in the following [21]-[23]: the Gibbs statistical operator is replaced by
wˆ(Ψ) = exp (Ω(Ψ)− β(Hˆ(Ψ)− µNˆ(Ψ))), (4)
where Ψ = {Ψα,Ψ∗α} is found from the following equation:
∂Ω(Ψ)
∂Ψ
= 0. (5)
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3. The ground state of spin-S condensate in a magnetic field
In this section we study one of the possible ground states of spin-S BEC in a magnetic
field. In doing so, we start from the Hamiltonian Hˆ = Hˆ − µNˆ , which determines the
Gibbs statistical operator (4) and has the following form:
Hˆ = Hˆ0 + Hˆp + Hˆe, (6)
where
Hˆ0 =
∑
p
aˆ†
pα [(εp − µ) δαβ − hSαβ ] aˆpβ , εp =
p2
2M
(7)
Hˆp = 1
2V
∑
p1...p4
U(p13)δp1+p2,p3+p4 aˆ
†
p1αaˆ
†
p2β
aˆp3αaˆp4β, (8)
Hˆe = 1
2V
∑
p1...p4
J(p13)δp1+p2,p3+p4aˆ
†
p1α
aˆ†
p2β
SαγSβρaˆp3γaˆp4ρ. (9)
Here Sαβ are the spin matrices, U(p13), J(p13) (p13 = p1 − p3) are the Fourier
transforms of the amplitudes of potential and spin-exchange interactions respectively,
and h = gH/S (g is the Bohr magneton, and H is an external magnetic field).
For our next calculations it is convenient to introduce the so-called ladder operators
Sˆ± = Sˆx ± iSˆy. Then, their nonzero matrix elements in the representation, where Sˆz is
a diagonal matrix, 〈α|Sˆz|α′〉 = αδαα′ , have the form
〈α+ 1|Sˆ+|α〉 =
√
S(S + 1)− α(α + 1), (10)
〈α− 1|Sˆ−|α〉 =
√
S(S + 1)− α(α− 1).
Now we separate the p = 0 components aˆ0α in the Hamiltonian (the replacement
of aˆ0α by c –numbers, aˆ0α →
√
VΨα) and keep the terms only up to second order in
aˆpα. We omit the higher order terms, since they should be taken into account only
when examining the interaction between quasiparticles, which we will introduce in the
next section. As a result the Hamiltonian takes the form Hˆ ≈ H(0) + Hˆ(2). The explicit
expression for H(0), which contains only c –numbers Ψα reads
H(0)
V
=
U(0)
2
(Ψ∗Ψ)2 +
J(0)
2
(Ψ∗SˆΨ)2 − hΨ∗SˆΨ− µΨ∗Ψ, (11)
where
Ψ∗Ψ = Ψ∗αΨα, Ψ
∗SˆΨ = Ψ∗αSαβΨβ (12)
The explicit form for Hˆ(2) will be written in the next section.
Next, making use the normalization condition Tr wˆ = 1, we find immediately the
thermodynamic potential density ω = ΩT/V in the leading approximation (neglect of
quasiparticles; T → 0) of the model for weakly interacting Bose gas,
ω =
U(0)
2
(Ψ∗Ψ)2 +
J(0)
2
(Ψ∗SˆΨ)2 − hΨ∗SˆΨ− µΨ∗Ψ. (13)
Therefore, Eq. (5) for Ψα takes the form
µΨα − U(0)(Ψ∗Ψ)Ψα − J(0)(Ψ∗SˆΨ)SαβΨβ + hSαβΨβ = 0.
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If to introduce the normalized spin functions ζα, Ψα =
√
nζα, where n = ΨαΨ
∗
α is the
condensate density and ζαζ
∗
α = 1, then the latter equation is written as
µζα − nU(0)ζα − nJ(0)(ζ∗Sˆζ)Sαβζβ + hSαβζβ = 0. (14)
Assuming the vector h directed along z-axis (h = (0, 0, h)), its solution ζ (m)α being an
eigenfunction of Sˆz, (Sˆz)αβζ
(m)
β = mζ
(m)
α , has the form
ζ (m)α = δαm. (15)
Next, taking into account that Sˆz is a diagonal matrix, whereas Sˆ± have no diagonal
matrix elements in the considered representation of spin matrices, one finds from Eq.
(14)
n =
µ+mh
U(0) +m2J(0)
. (16)
The obtained formulae (15), (16) result in the following expression for the
thermodynamic potential density:
ω = −1
2
(µ+mh)2
U(0) +m2J(0)
. (17)
We are now in a position to study the stability of possible ground states (15). In the
considered approximation, the thermodynamic potential of the normal state is zero (the
order parameter Ψα vanishes). Therefore, for the stability of the ground state under
consideration, the density of thermodynamic potential must be negative, ω < 0 and,
consequently, according to (17), we can write the necessary condition of thermodynamic
stability,
U(0) +m2J(0) > 0. (18)
Let us find now such spin projections m, which correspond to the minimum of potential
(17). For simplicity, we study the case of h = 0 (or sufficiently weak h). Then,
ω = −µ
2
2
1
U(0) +m2J(0)
< 0.
As it can be easily seen that in contrast to usual Bogoliubov’s theory, in which U(0) > 0
(the necessary condition of stability), the negative values of U(0) are also permissible.
Therefore, we have the following three situations:
1) U(0) > 0, J(0) > 0. In this case the requirement (18) is automatically satisfied.
The density of thermodynamic potential (17) has a minimum at m = 0 in which
ω = −µ2/2U(0). We call this case as antiferromagnetic ordering.
2) U(0) > 0, J(0) < 0 but such that the requirement (18) should be satisfied. The
minimum of ω is reached for mmin = ±(mc − 1), where
mc =
[(
−U(0)
J(0)
)]1/2
, mc ≤ S + 1 (19)
(the square brackets denote an integer part). This case corresponds to ferromagnetic
ordering.
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3) U(0) < 0, J(0) > 0 but again, such that U(0)+m2J(0) > 0. Here the minimum
of ω is given by the spin projections mmin = ±(mc+1), where mc is also defined by (19)
but with U(0) < 0, J(0) > 0. This case also corresponds to ferromagnetic ordering.
4. Low-lying collective modes
In this section we obtain the excitation spectra of spin-S BEC by employing the well-
known diagonalization procedure (Bogoliubov’s u − v transformations [10]) for the
Hamiltonian quadratic in creation and annihilation operators. Note that the excitation
spectra can also be found as a result of the linearization of the Gross-Pitaevskii equation
[24, 25] for the condensate wave function (see e.g. [12]).
The part of the spin-exchange interaction Hamiltonian (9), which is quadratic in
aˆpα, (p 6= 0), has the form
Hˆ(2)e = J(0)Ψ∗SˆΨ
∑
p
aˆ†
p
Sˆaˆp+
1
2
∑
p
J(p)
[
(aˆ†
p
SˆΨ)(aˆ†−pSˆΨ) + (aˆ
†
p
SˆΨ)(Ψ∗Sˆaˆp) + h.c.
]
, (20)
where we have used the notations (12). Taking into account that Sˆx =
1
2
(Sˆ+ + Sˆ−),
Sˆy = − i2(Sˆ+− Sˆ−) and bearing in mind (10) for non-zero matrix elements of Sˆ± as well
as the explicit form of the condensate wave function Ψ(m)α =
√
nδαm, one gets
(Ψ∗SˆΨ)(aˆ†
p
Sˆaˆp) = nm
∑
α
αaˆ†
pαaˆpα,
(aˆ†
p
SˆΨ)(aˆ†−pSˆΨ) = nm
2aˆ†
pmaˆ
†
−pm +
n
2
SmS−m
(
aˆ†pm−1aˆ
†
−pm+1 + aˆ
†
pm+1aˆ
†
−pm−1
)
,
(aˆ†
p
SˆΨ)(Ψ∗Sˆaˆp) = nm
2aˆ†
pmaˆpm +
n
2
(
S2−maˆ
†
pm−1aˆpm−1 + S
2
maˆ
†
pm+1aˆpm+1
)
.
where the following notation has been introduced:
Sm =
√
S(S + 1)−m(m+ 1).
Hence, Hˆ(2)e takes the form
Hˆ(2)e = J(0)nm
∑
p
[
(m− 1)aˆ†
pm−1aˆpm−1 +maˆ
†
pmaˆpm + (m+ 1)aˆ
†
pm+1aˆpm+1
]
+J(0)nm
∑
p,α
αaˆ†
pαaˆpα +
n
2
∑
p
J(p)m2
[
aˆ†
pmaˆ
†
−pm + 2aˆ
†
pmaˆpm + aˆ−pmaˆpm
]
+
n
2
∑
p
J(p)
[
SmS−m(aˆ
†
pm−1aˆ
†
−pm+1 + aˆ−pm+1aˆpm−1)
]
+
n
2
∑
p
J(p)
[
S2−maˆ
†
pm−1aˆpm−1 + S
2
maˆ
†
pm+1aˆpm+1
]
, α 6= m− 1, m, m+ 1.
In this formula, the summation index α in the second term takes all values of spin
projections except m− 1, m, and m+ 1 (these three projections we have separated off
and written them as the first term in Hˆ(2)e ). In a similar manner, keeping the terms only
of second order in aˆpα, one finds according to (7), (8)
Hˆ(2)0 =
∑
p
[
(εp − µ) (aˆ†pm−1aˆpm−1 + aˆ†pmaˆpm + aˆ†pm+1aˆpm+1)
]
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−h∑
p
[
(m− 1)aˆ†
pm−1aˆpm−1 +maˆ
†
pmaˆpm + (m+ 1)aˆ
†
pm+1aˆpm+1
]
+
∑
p,α
(εp − µ− αh) aˆ†pαaˆpα, α 6= m− 1, m, m+ 1, (21)
and
Hˆ(2)p = U(0)n
∑
p
[
aˆ†
pm−1aˆpm−1 + aˆ
†
pmaˆpm + aˆ
†
pm+1aˆpm+1
]
+ U(0)n
∑
p,α
aˆ†
pαaˆpα (22)
+
n
2
∑
p
U(p)
[
aˆ†
pmaˆ
†
−pm + 2aˆ
†
pmaˆpm + aˆ−pmaˆpm
]
, α 6= m− 1, m, m+ 1.
When obtaining (21) we have employed the fact that h is directed along z-axis,
h = (0, 0, h). Next, using Eq. (16) to eliminate the chemical potential µ in (21),
we recast the total Hamiltonian Hˆ(2) = Hˆ(2)0 + Hˆ(2)p + Hˆ(2)e that is quadratic in creation
and annihilation operators in the following form:
Hˆ(2) = Hˆ(2)α + Hˆ(2)(m) + Hˆ2(m− 1, m+ 1), (23)
where
Hˆ(2)α =
∑
p,α
[εp − J(0)nm(m− α) + h(m− α)] aˆ†pαaˆpα, α 6= m− 1, m, m+ 1, (24)
Hˆ(2)(m) =∑
p
[εp + gm(p)] aˆ
†
pmaˆpm +
1
2
∑
p
gm(p)
[
aˆ†
pmaˆ
†
−pm + aˆpmaˆ−pm
]
, (25)
Hˆ(2)(m− 1, m+ 1) =∑
p
[εp − h+ βm(p)] aˆ†pm+1aˆpm+1
+
∑
p
[εp + h + β−m(p)] aˆ
†
pm−1aˆpm−1
+
∑
p
αm(p)
[
aˆ†
pm−1aˆ
†
−pm+1 + aˆpm−1aˆ−pm+1
]
. (26)
The introduced quantities αm(p), βm(p), and gm(p) are given by
αm(p) =
n
2
J(p)SmS−m, (27)
βm(p) =
n
2
J(p)S2m + nJ(0)m, (28)
gm(p) = n(U(p) +m
2J(p)). (29)
Now we are in a position to carry out the diagonalization procedure of the total
Hamiltonian (23) quadratic in creation and annihilation operators. In this connection we
note that the ”Hamiltonians” (24)-(26) contain the creation and annihilation operators
with not overlapping sets of indices α, m, m − 1, m + 1 (α 6= m − 1, m, m + 1).
Therefore, we can perform their diagonalization independently. The evidence of this
statement also follows from the fact that (23) can be considered as the Hamiltonian of
the system consisting of four kinds (m, m± 1, α) of noninteracting particles.
The ”Hamiltonian” Hˆ(2)α has already a diagonal form with the following spectrum:
ωm,α(p) = εp − J(0)nm(m− α) + h(m− α). (30)
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To carry out the diagonalization of Hˆ(2)(m − 1, m + 1), we introduce the creation
and annihilation operators bˆpm+σ (σ = ±1),
aˆpm+σ = um,σ(p)bˆpm+σ + vm,σ(p)bˆ
†
−pm−σ,
aˆ†pm+σ = u
∗
m,σ(p)bˆ
†
pm+σ + v
∗
m,σ(p)bˆ−pm−σ, (31)
in terms of which it has the diagonal form,
Hˆ(2)(m− 1, m+ 1) =∑
p,σ
ωm,σ(p)bˆ
†
pm+σ bˆpm+σ + E0, (32)
where ωm,σ(p) and E0 are the excitation spectrum and the ground state energy
respectively. In order that the introduced operators bˆ†pm+σ, bˆpm+σ meet the canonical
commutation relations, the functions um,σ(p), vm,σ(p) must obey the relationships
|um,σ(p)|2 − |vm,σ(p)|2 = 1,
um,σ(p)vm,−σ(−p)− vm,σ(p)um,−σ(−p) = 0. (33)
Next, noting that[
Hˆ(2)(m− 1, m+ 1), aˆpm+σ
]
= −αm(p)aˆ†−pm−σ − γm,σaˆpm+σ
and expressing the right-hand side of this formula through bˆpm+σ, one gets[
Hˆ(2)(m− 1, m+ 1), aˆpm+σ
]
= −
(
αm(p)v
∗
m,−σ(−p) + γm,σum,σ(p)
)
bˆpm+σ
−
(
αm(p)u
∗
m,−σ(−p) + γm,σvm,σ(p)
)
bˆ†−pm−σ, (34)
where γm,σ is defined by
γm,σ = εp + βmσ(p)− σh, (35)
moreover βmσ(p) depends on the product mσ. On the other hand, the straightforward
use of (32), (31) results in[
Hˆ(2)(m− 1, m+ 1), aˆpm+σ
]
= vm,σ(p)ωm,−σ(−p)bˆ†−pm−σ − um,σ(p)ωm,σ(p)bˆpm+σ. (36)
The comparison of (34) with (36) gives the coupled equations for um,σ(p) and v
∗
m,−σ(−p),
(γm,σ − ωm,σ(p)) um,σ(p) + αm(p)v∗m,−σ(−p) = 0,
αm(p)um,σ(p) + (γm,−σ + ωm,σ(p)) v
∗
m,−σ(−p) = 0. (37)
The condition for the existence of non-trivial solutions to the coupled Eqs. (37) along
with the definitions (27)-(29), (35) result in the following expression for the excitation
spectrum:
ωm,σ(p) = nmσ
(
J(0)− 1
2
J(p)
)
±

ε2p + εpnJ(p)(S(S + 1)−m2) +
(
nJ(p)m
2
)2
1/2
− σh. (38)
At small p and J(0) < 0 the obtained spectrum is real (the state is stable) if the spin
projections m meet the inequality m2 > m2c , where
mc =
[(
S(S + 1)
1− nJ(0)/4εp
)]1/2
, mc ≤ S
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and the square brackets, as in (19), are introduced to denote an integer part.
The functions um,σ(p), vm,σ(p) are found from (33), (37) and have the form
um,σ(p) =
αm(p)√
α2m(p)− (ωm,σ(p)− γm,σ)2
,
vm,σ(p) =
ωm,σ(p)− γm,σ√
α2m(p)− (ωm,σ(p)− γm,σ)2
.
In fact, the functions um,σ(p), vm,σ(p) do not depend on σ because, as it can be easily
shown, the quantity ωm,σ(p) − γm,σ is independent of σ. The sign plus before the
square root in (38) corresponds (for σ = 1) to the wave, which propagates in one
direction, whereas the sign minus corresponds (for σ = −1) to the wave propagating in
opposite direction. Notice that the obtained spectrum, as well as (30), contains only the
spin-exchange interaction amplitude and does not depend on the potential interaction
amplitude.
When m = 0 (the antiferromagnetic ordering), the excitation spectrum (38) takes
the form
ω(p) =
√
ε2p + εpnJ(p)S(S + 1)± h.
In this case, for h = 0 and p→ 0 we have
ω(p) = cp, c =
√
n
2M
J(0)S(S + 1).
In ferromagnetic case (when m = S) the excitation spectrum is of the form
ω(p) = εp +
nJ(p)S
2
(1− σ) + nJ(0)Sσ − σh.
The similar mathematical manipulations with Hˆ(2)(m) lead to another mode of
excitation spectrum, which depends both on potential and spin-exchange interaction
amplitudes,
ωm(p) =
√
ε2p + 2εpn(U(p) +m
2J(p)). (39)
The stability region for this spectrum at small p is given by (19).
The functions um(p) and vm(p) can be found immediately,
um(p) =
εp + ωm(p)
2
√
εpωm(p)
, vm(p) =
ωm(p)− εp
2
√
εpωm(p)
.
When J(p) = 0 the excitation spectrum (39) coincides with the spectrum found by
Bogoliubov [10]. At small p, the spectrum has the following phonon behavior:
ωm(p) = cp, c =
√
n
M
(U(0) +m2J(0)).
In this formula, as well as in (39), we have chosen the arithmetic value of the square
root.
In conclusion, we have studied BEC of atoms with arbitrary spin in a magnetic field
on the basis of the model for weakly interacting Bose gas. We have derived the equation
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which describes the ground state of spin-S BEC at temperature T → 0 and found its
particular solution. This solution corresponds to the formation of BEC of spin-S atoms
with a definite spin projection m onto direction of a magnetic field that is also true for
an ideal Bose gas [11]. The explicit expression for thermodynamic potential being a
function of chemical potential and spin projection has been obtained. It generalizes the
thermodynamic potential for weakly interacting Bose gas to the case when both potential
and spin-exchange interactions act between bosons. The thermodynamic stability of
the state under consideration has been studied and the spin projections, which give a
minimum of thermodynamic potential, have been found. These projections are given
by the integer part of the ratio of potential to spin-exchange interaction amplitude.
The expressions for low-lying collective modes related to the solution (15) have been
obtained. Notice that Eq. (14) for order parameter has also other solutions different
from (15). Our present research deals with seeking such solutions.
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